We generalize Ohlson's (1995) model to stochastic interest rates while making no specific assumptions about the stochastic process of interest rates. Our analysis of the case when earnings suffice for valuation yields three insights. (1) In the valuation function, the multiplier for forthcoming earnings depends on the current rate, but the multiplier for current earnings depends on the lagged rate. (2) In the residual earnings dynamic, the persistence of residual earnings increases in the current rate and decreases in the lagged rate. (3) In the earnings dynamic, the traditional random walk requires an additional term, current earnings multiplied by the percentage change in interest rates.
Introduction
Dynamic models relating accounting data to equity value need a discount factor to compute present values and price-earnings multiples. Ohlson (1995) assumes risk-neutrality and shows that the multiple for current earnings equals R/r where r is the risk-free rate and R≡1+r. The model, however, assumes that the discount rate remains fixed over time. Relaxing this assumption is of obvious interest in a world of changing interest rates.
1 This paper develops a class of valuation functions and derives the implied information dynamics when interest rates are stochastic. Like Ohlson (1995) , two benchmark settings underpin this class: "mark-to-market accounting" or the "balance-sheet approach" where book value suffices for valuation, and, "earnings-sufficiency accounting" or the "income-statement approach" where earnings suffice for valuation. A weighted average of the two benchmarks combined with information besides current accounting data generalizes the model.
Three aspects of the model admit generality and versatility. First, the analysis assumes no particular stochastic process of interest rates. Second, realizations of accounting data and "other" information can depend on historical and expected interest rates. Third, unexpected changes in interest rates can correlate with unexpected earnings and growth in expected earnings.
While extending the mark-to-market model to stochastic rates is straightforward, extending the earnings-sufficiency model is not. Such an extension must confront the key issue of how one capitalizes earnings. Much of the analysis therefore pertains to the earnings-sufficiency model.
The three main insights are as follows:
1 Beaver (1999) , p. 37, questions the assumption of constant discount rates in empirical studies. Feltham and Ohlson (1999) show how the residual income valuation can be extended to stochastic rates. They do not, however, consider closed-form valuation functions, PE multiples, and supporting information dynamics examined here.
Valuation function (Propositions 1 and 2): Using Modigliani-Miller dividend policy
irrelevancy, we show that if earnings x t for the period (t-1, t) suffice for the cum-dividend value P t +d t , then + = where r t-1 is the spot interest rate at date t-1 for the period (t-1, t). The use of r t-1 instead of r t in the multiplier rests on a simple yet powerful insight: The expected earnings rate for period (t-1,t) is r t-1 , the rate at the beginning of the period, not r t , the rate at the end of the period.
Residual earnings dynamic (Proposition 3):
The persistence of residual earnings equals 1 t t r r − , which oscillates around 1 rather than equal 1 as in Ohlson (1995) .
Earnings dynamic (Corollary 1):
The traditional random walk of earnings requires an additional term -the percentage change in interest rates multiplied by current earnings.
We then allow for stochastic interest rates in the Ohlson's (1995) weighted-average model with other information. Derivation of the implied information dynamic is straightforward (Proposition 4), but it brings out a new aspect of earnings forecasting. With stochastic rates, the relative importance of current earnings vis-à-vis book value in forecasting forthcoming earnings increases as the current rate decreases (Corollary 2).
Analysis of the more general model provides two testable hypotheses in addition to the modified random walk of earnings mentioned above:
1. Changes regression: In a returns-on-earnings regression, the coefficient of unexpected earnings (ERC) should be large when lagged interest rates are low (and conversely).
Levels regression:
In a regression of price on book value, capitalized current earnings, and capitalized expected earnings, the first two coefficients decrease in the current rate while the third increases in the current rate. That is, as the current rate rises, the relative information content of current accounting data declines vis-à-vis expected earnings. (The lagged rate has no impact on the relative information content of the three variables.)
After introducing notation and core assumptions in section 2, the paper analyzes increasingly complex settings. Section 3 analyzes the mark-to-market model. Section 4 analyzes the earnings-sufficiency model. Section 5 analyzes the weighted average model with "other" information. Section 6 summarizes and concludes the paper.
Notation and Basic Assumptions
At date t, the "preceding" period refers to the period from date t-1 to date t, and the "forthcoming" period refers to the period from date t to date t+1.
x t = earnings for the period t-1 to t, i.e., the preceding period d t = dividends, net of capital contributions, date t P t = ex-dividend market price of equity, date t b t = book value, date t g t = P t -b t = goodwill, date t r t = risk-free interest rate for the period t to t+1. (At date t, r t is the current rate and r t-1 is the lagged rate.)
R t = 1 + r t a t x = x t -r t-1 b t-1 = residual earnings for the preceding period Two assumptions will be maintained throughout the paper:
1. Risk neutrality and no arbitrage:
Note that R t is observed only at date t; it is random from the perspective of prior dates. 3, 4, 5 2. Clean surplus relation:
The above assumptions imply the following goodwill equation that we use in our anlalysis:
Subsequent sections introduce additional assumptions.
The Mark-to-Market Model: The Balance-Sheet Approach
We start with a simple but important benchmark --the mark-to-market model. In this case, the balance sheet (i.e., the book value, b t ) provides sufficient value-relevant information. Since stochastic interest rates pose few problems in this setting, it provides a useful perspective before one considers more complicated settings. The three pertinent points are as follows:
1. Price depends only on book value and goodwill is zero. P t = b t .
3 It is easy to construct an economy such that in equilibrium the expected return on an asset is the risk-free rate, and yet the rate changes stochastically over time. (The construction is particularly easy if one allows for unconstrained, event-contingent preferences.) 4 For risk aversion, one can replace the expectation operator E by E*, which reflects risk-adjusted probabilities. [Huang and Litzenberger (1988) ]. 5 Ohlson (1995) , so that forthcoming expected earnings depend on the current rate.
3. Applying mark-to-market accounting does not require one to model the stochastic process of interest rates because prices already impound such information. For example, marking an investment fund to market simply requires setting the book value of each security to its market value. It does not require one to know the stochastic process of interest rates that the market is using to price the securities.
The Earnings-Sufficiency Model: The Income-Statement Approach
We now turn to the second benchmark: The income statement (i.e., earnings x t ) provides sufficient value-relevant information. 6 As a point of reference, consider earnings sufficiency in a constant rate setting [Ohlson (1995) and Ryan (1988) ]:
where R/r is the price-earnings multiple.
Given RNNA and constant interest rates, it follows that
. Though earningscurrent or expected -and cum-dividend price both represent the same underlying information, one thinks of earnings as a "sufficient statistic" without specificity as to the accounting rules.
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The subsequent sections extend the valuation functions to allow for stochastic interest rates by specifying how the P-E multiples depend on interest rates.
6 Section 4.2 illustrates the intuition and a practical application of the earnings-sufficiency accounting. 7 Ohlson and Zhang (1998) construct accounting rules that map transactions into earnings sufficiency measurements.
The Valuation Function under Stochastic Discount Rates
One may be tempted to extend the constant-rate setting to a stochastic-rate setting by simply replacing r by r t in the valuation function so that ( ) Proof: See Appendix I.
Three aspects of proposition 1 are noteworthy. First, proposition 1 does not explicitly assume RNNA. The MM condition, however, implies that RNNA holds at the margin for a change in dividends.
Second, proposition 1 makes no assumptions about the stochastic process of interest rates.
One can still derive the multiple because in the MM condition the earnings rate for the period (t-1,t) is the r t-1 , not r t . Had the earnings rate been r t , which is not known at date t-1, one would have had to specify the stochastic process of interest rates to apply the MM condition at date t-1.
Third, the intuition behind the use of the lagged rate for capitalization extends to the capitalization of expected earnings as well. Proposition 1 and RNNA imply "capitalization consistency" in that expected earnings ( ; (iii) P t +d t = f(r t , r t-1 , …)x t where f(.) depends only on the history of interest rates; and (iv) there are no particular restrictions on the stochastic process related to r t given r t-1 , r t-2 , … . Then f(.) = R t-1 /r t-1 .
Proof:
In Appendix I. . Both relations use the rate at the beginning of the respective earnings measurement periods as the basis for earnings multiples.
We now describe a practical application of earnings sufficiency and show how it relates to the concept of smoothing.
Understanding "Smoothing"--The Core Concept Underlying EarningsSufficiency
Earnings sufficiency for valuation as defined above may appear abstract and contrived, especially in settings such as an investment fund, for which, at first glance, the mark-to-market model appears to be the only "correct" model. We now show that the earnings-sufficiency model yields valid and intuitive accounting measurements even for an investment fund. The implementation underscores the core concept of "smoothing" that underlies the earningssufficiency model. This concept is also used in practice to account for pension assets per GAAP.
Let us compare the accounting alternatives for a simple investment fund that holds one share of the same equity security at all times. Without loss of generality, assume that dividends received by the fund are passed on to its investors. Then RNNA implies the following equation:
Mark-to-market accounting: One sets
Earnings-sufficiency accounting: One sets
The book value is measured by applying CSR recursively with the initial condition of b 0 =0. It is easy to verify that
The difference between the two models is striking. In mark-to-market accounting, the entire value shock t ε is booked into earnings immediately. In contrast, in earnings-sufficiency accounting, only a part of the value shock t ε is booked into earnings in the current period.
GAAP accounting for pension assets approximates the smoothing inherent in the equation
for measuring x t . Pension assets are, of course, not marked to market. Instead, recognized earnings related to pension assets consist of two parts (i) expected earnings from plan assets, It remains to be seen whether the above earnings capitalization multiple can be incorporated into a full-fledged valuation framework in the spirit of Ohlson's (1995) model. Before developing this general model, we consider the implications of the earnings-sufficiency framework for the sustaining earnings dynamic.
Residual Earnings Dynamic: Interest-rate Dependent Persistence
Earnings sufficiency under constant interest rates results in residual earnings persistence being equal to one [Ohlson (1995) ]. Specifically, residual earnings follow a strict random walk: Proof: In Appendix I.
Proposition 3 shows that one can generalize the Ohlson (1995) representation to stochastic interest rates in a parsimonious way. The residual earnings persistence parameter (ω t ) depends only on the lagged and current rate, not the entire history of interest rates. It decreases in the lagged rate and increases in the current rate. If the distribution of interest rates satisfies reasonable regularity conditions, then the median residual earnings persistence is 1, which is its value with constant interest rates.
The intuition behind proposition 3 is as follows. As shown in the appendix, capitalized residual earnings equal goodwill. x + would be r t+1 , which is not known at date t. The use of the lagged rate allows us to evaluate the expected goodwill without knowing the covariance between expected residual earnings and interest rates. Proposition 3, therefore, does not rely on a specific stochastic process of interest rates.
As shown in the appendix, RNNA implies that goodwill follows a random walk. Substituting for goodwill from the above equations, one gets: 
Earnings Dynamic: A Modified Random Walk Reflecting Interest Rate Changes
Ohlson (1995) implies the following stochastic process for earnings (rather than residual earnings):
The first term represents the standard random walk model of earnings, and it equals expected earnings in the absence of new net investment (∆b t ) and constant interest rates. The second term represents the adjustment to expected earnings due to new investment. Because expected earnings depend on the current rate applied to new net investments, r t obviously replaces r when interest rates are stochastic. The following corollary reveals that replacing r by r t is not enough; stochastic interest rates introduce an additional term in the random walk model of expected earnings. 
A Weighted-Average of the Two Models with "Other" information
The previous sections extend the mark-to-market and earnings-sufficiency benchmarks to stochastic interest rates. Ohlson (1995) also provides a more general model which is a weighted average of the two benchmarks and which also allows "other" value relevant information besides accounting data. There is an obvious motivation for examining a weighted-average model with "other" information. In the real world, both balance sheet and income statements are used for valuation and a model that incorporates both by taking their weighted average is appealing.
"Other" information also has a crucial role. Without "other" information, the accounting data must pick up all value relevant information including expectations of future interest rates. For example, suppose the current rate drops and stock price rises because the market expects increase in future sales. If accounting statements were to suffice for valuation, current book value and earnings must reflect such higher expectations of future sales. This places a high burden on a transactions-based accounting system. Introducing "other" information allows us to pick up the effect of current rates on value while allowing the accounting data to be impacted gradually.
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We now extend this general model to stochastic rates and extract the following implications:
(i) The price can now depend on the current rate even if accounting data is held fixed accounting data subsumed all value relevant information, including the current rate. (ii) In addition to the specification for price levels, we also derive one for returns as a function of unexpected earnings and unexpected "other" information. This specification leads to an empirically testable implication: The coefficient for unexpected earnings (ERC) increases in the lagged rate. (iii) We express the valuation function as a weighted average of three benchmark models: book value, capitalized earnings, and capitalized expected earnings. On the basis of this expression we state yet another empirical implication: An increase in interest rates reduces the information content of current accounting data relative to that of expected earnings.
The Weighted Average Valuation Function with Other Information
We first describe Ohlson's (1995) without knowing the distribution of r t at date t-1. This model can be extended without specifying the stochastic process of interest rates as long as the "structure" of the valuation function at date t is known at date t-1. Appendix II details such a generalization in which k and β depend on the lagged rate -i.e., k is replaced by k t-1 and β is replaced by β t-1 in the valuation function.
The information dynamics supporting the valuation function are as follows: The remaining subsections draw out the implications of the solution with no additional assumptions or modifications. We also discuss the critical role of other information, and state some empirical hypotheses that follow from the model.
Residual Earnings Dynamic: Robustness of Ohlson (1995)
This section draws out the implications of the functional form of ω t and γ t derived in proposition 4. Like the earnings-sufficiency setting, ω t depends on the lagged as well as the current rate. In sharp contrast, γ t depends only on the current rate because t ν represents generic "other" information, and there are no reasons why γ t should include a capitalization component based on the lagged rate.
On the basis of the earnings-sufficiency setting, one would expect ω t to increase in r t and decrease in r t-1 . Differentiating ω t with respect to r t and r t-1 yields the anticipated conclusion: For reflects the "correction" due to the changing interest rates while the second term is the expression for ω when interest rates are not stochastic as in Ohlson (1995) .
Differentiating ω t with respect to k yields 
Earnings Dynamic: Consistency between Valuation and Forecasting
In Ohlson's (1995) Second, the residual earnings persistence parameter (ω) determines the weight assigned to the first component. Third, since ω increases in k, the weights used in the earnings dynamics and the valuation function are mutually consistent. These three aspects generalize to the setting with stochastic interest rates except for the qualification that one cannot simply replace ω by ω t . , which equals ω t when rates are constant. Second, θ t increases as r t decreases; i.e., the earnings-sufficiency component is relatively more important vis-à-vis mark-to-market component when current rate is low. In contrast, lagged rates do not affect θ t . Third, θ t increases in k, i.e., as in Ohlson (1995) , the weights used in the earnings dynamics and the valuation function are mutually consistent.
The Role of Other Information: Example of the Influence of Current Rates on Value
We now provide an example that shows how current rates can affect value via other information ν t . Suppose A setting where ν t depends on r t means that the accounting rules that produce x t and b t do not fully reflect the value implications of a change in interest rates for the period (t-1,t). Only with the passage of time will the accounting data reflect the prior history of interest rates. But this scenario also requires that the earnings forecasts depend on the current (and past) rates via ν t . In
x E + depends on ν t , which in turn depends on the history of interest rates.
Introducing ν t thereby allows considerable generality as to how interest rates can influence value and earnings forecasts.
Two additional implications: A returns model and an expected earnings model
Two additional implications of the above model generalize Ohlson (1995 Further note that components (ii) and (iii) reinforce the key idea of "capitalization consistency":
The multiple for current earnings is based on the lagged rate, while the multiple for expected earnings depends on the current rate.
It is easy to verify that the weights associated with book value and capitalized earnings decrease as the interest rate rises while the weight associated with capitalized expected forthcoming earnings increases (with k > 0, A sharp empirical proposition thus follows: As interest rates rise, current accounting data has less information content as compared to expected earnings.
Summary and Implications
The paper provides a coherent framework for relating value to accounting data and "other information" when interest rates are stochastic. The paper starts with an examination of two benchmark models --mark-to-market accounting where the balance sheet suffices for valuation and earnings-sufficiency accounting where the income statement suffices for valuation --and then examines a weighted average of the two models with "other" information.
14 Mark-to-market accounting poses few problems as the book value is set equal to the price, which impounds expectation of future interest rates. Therefore, much of the analysis revolves around the exact role of the current rate r t (the rate prevailing at the end of the earnings measurement period) versus the lagged rate r t-1 (the rate prevailing at the beginning of the earnings measurement period) in an earnings-sufficiency setting. Our dynamic analysis clarifies the role of these rates in accounting-based valuation and forecasting, and provides insights that cannot be obtained from a comparative static analysis of Ohlson (1995) .
The structure of the valuation function in earnings-sufficiency accounting hinges on the following crucial intuition: The earnings rate for a given period is the rate prevailing at the beginning of the earnings measurement period rather than the rate prevailing at the end of the earnings measurement period. This intuition and Modigliani-Miller dividend policy irrelevancy conditions imply the following "capitalization consistency" relation (propositions 1 and 2): the capitalization multiple for current earnings is based on the lagged rate (1+1/r t-1 ) while the capitalization multiple for expected forthcoming earnings is based on the current rate (1/r t ).
Derivation of the residual earnings dynamic supporting earnings-sufficiency accounting shows that the residual earnings no longer follow a random walk. Their persistence is no longer 1; instead it now equals r t /r t-1 (proposition 3). The intuition is as follows: the standard riskneutrality-no-arbitrage condition and the clean surplus relation imply that the goodwill ) must follow a random walk.
14 It is unclear how stochastic interest rates will affect valuation under conservative accounting as examined in Feltham and Ohlson (1995) and Zhang (2000) . Nor is it clear what the implications would be in case of non-Derivation of the related earnings dynamic shows that the traditional random walk of expected earnings now requires an additional term reflecting changes in interest rates. This term has not been recognized previously; it arises because the lagged rate is needed to scale current earnings while the current rate is needed to forecast forthcoming earnings. Thus, the percentage change in interest rate, nor just the level of interest rates, affects earnings forecasts; an up tick in interest rates lead to higher earnings forecasts, and vice versa.
Introducing "other" information poses few problems (proposition 4 and corollary 2) and makes the model more flexible as current accounting data is no longer required to fully reflect all value relevant information about interest rates. Instead, "other" information picks up value relevant information about expected future events that is not captured by the actual-transactionsbased accounting system. Allowing expected earnings to proxy for "other" information yields another important empirical prediction: an increase in interest rates reduces the information content of current accounting data relative to that of expected earnings.
A returns specification shows that unexpected return correlates with unexpected earnings and revisions in earnings expectations, consistent with traditional empirical specifications.
However, a new empirical implication of the model is that the earnings-response coefficient depends on the lagged rate, not the current rate. Importantly, unexpected changes in interest rates will generally influence the returns specification because the model allows for "other"
information to be correlated with current rates.
Overall, our analysis generalizes the Ohlson (1995) model to stochastic interest rates.
Allowing the interest rates to be stochastic provides a better understanding of the key dynamic aspects accounting-based valuation framework that were obscured by the assumption of constant linearities due to potential bankruptcies [Barth, Beaver, and Landsman (1998) ].
interest rates in Ohlson (1995) . Specifically, the lagged rate, not the current rate, seems to play the key role in relating prices to contemporaneous earnings, while the current rate plays a key role in earnings forecasting as well as in relating prices to expected earnings. Our analysis formalizes and sharpens earlier empirical hypotheses and also provides new empirical hypotheses regarding the relationship between prices and accounting variables.
Appendix I: Proofs

Proof of Proposition 1
Suppose that the firm withholds $z in dividends at date t-1. Since the one-period interest rate at time t-1 is r t-1 , withholding $z at date t-1 will increase earnings for the period (t-1, t) by r t-1 z and increase dividends at date t by (1+r t-1 )z. Such withholding of dividends should have no impact on date t value if dividend policy irrelevancy applies. That is,
This implies f(.)r t-1 z -(1+r t-1 )z = 0 for all z. Thus, f(.) = (1+r t-1 )/r t-1 .
Remark: The proof works only because f(.) is assumed not to depend on earnings or dividends. However, if f(.) were dependent on earnings, then P t +d t would be non-linear in x t .
Proof of Proposition 2
Define f(.)= f(r t , r t-1 , …); RNNA combined with assumption (ii) implies:
Due to assumption (i), R t-1 P t-1 = R t-1 E t-1 [x t ]/r t-1 so that (R t-1 /r t-1 )E t-1 [
This equation must be satisfied for all feasible stochastic processes of interest rates. In particular, consider the case when r t happens to be known at date t-1 for some history of interest rates. It then follows that
Hence, f(.)= R t-1 /r t-1 as asserted.
Proof of Proposition 3
We can restate the expression for P t as: Thus, we can express price as follows: In this expression, one can think of ω t as being the endogenous result of realization of interest rates and k t 's where the k t 's follow some exogenous stochastic process (though, as noted, the weights are determined at the beginning of a period). More important, as shown below, we can rearrange the terms to state k t in terms ω t , k t-1 , r t , and r t-1 , i.e., we can think of ω t as being exogenous. If one substitutes recursively, it follows that k t is some function of the history of interest rates and the history of ω t ; i.e., one can write k t+1 = f(r t , r t-1 , …, ω t , ω t-1 , …) where the ω t are determined by some exogenous process.
One can now ask the following question: What happens if ω t is simply a constant, such as ω t =1? That is, what happens if residual earnings follow a random walk and interest rates can change over time? The answer is clear: P t will generally depend on book value as well as capitalized earnings (adjusted for dividends). This is because, in contrast to the setting in which r t is constant, k t need not be 1 when ω t = 1, i.e., the weight on book value (1-k t ) can be non-zero even when ω t = 1. One cannot, therefore, view earnings as a sufficient statistic when residual earnings follow a random walk as book value still generally enters the valuation function.
